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Abstract 



We study the tensor product of principal unitary representations of the quantum Lorentz 

Group, prove a decomposition theorem and compute the associated intertwiners. We show 

i-i^ ' that these intertwiners can be expressed in terms of complex continuations of 6j symbols 

j^ , of Uq{su{2)). These intertwiners are expressed in terms of q-Racah polynomials and Askey- 

Wilson polynomials. The orthogonality of these intertwiners imply some relation mixing 

these two families of polynomials. The simplest of these relations is the orthogonality of 

^ . Askey- Wilson Polynomials. 
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1 Introduction 

In [y we have pursued the work of Podles-Woronowicz [^ and Pusz [Q: we have shown that 
the unitary representations of ilg(s^(2, C)r) can be nicely expressed in terms of one variable 
complex continuation of 6j symbols of ilg(su(2)). Using this result we were able to construct 
the characters of these unitary representations and prove a Plancherel theorem for L^ functions. 
One has to work in the category of C* multiplier Hopf algebras |^, |j in order to handle functional 
analysis problems. 

A 

Let G be the complex Lie group SL{2, C) and denote by {H, A € iZ x M} the set of principal 
unitary representations of G. The Plancherel measure is given by P{X)dX = ^{m? + p^)dp where 

A -A 

A = (to, p) and H is equivalent to H . Naimark pOl has shown the following decomposition 
theorem: 



(m,p) (m'.p') /-W (m",p") 

n (g, n = 

where Jm,m' — {fn £ \l-, m + m' + to," G Z}. The aim of the present article is to prove the 
quantum analog of this theorem and to give explicit formulae for the Clebsch-Gordan coefficients 
associated to this decomposition. 

A 

Let us also denote by {H, A £ ^Zx] — j-, j-]}, where q = e^^, the set of principal represen- 

A 

tations of ilq(sZ(2,C)K). The representation 11 is a unitary representation of iIg(sZ(2,C)K) with 
domain Vx ■ We have shown in |l| , that these representations can be constructed using complex 
continuation in one variable (namely p) of 6j oiiiq{su(2)). Let us denote by 6j(l) the complex 
continuation of these coefficients to distinguish them from the 6j of finite dimensional repre- 
sentations of iiq{su{2)), which will be denoted by 6j'(0). We have shown that the Plancherel 
measure is P{X)dX = (q — '?^^)^^['7i + ip][m — ip]dp where A = (to, p). 

In section 2 we recall definitions and properties of 6j(0) and 6j(l). We then introduce and 
study the basic properties of complex continuations, in three independent continuous spins, of 
6j symbols that we call 6j(3). We review the main theorems of harmonic analysis on SLq{2, C)r 
which are needed in the sequel. 

In section 3 we study the space of intertwiners $^;') : Vx (Xi Vx' — » Vx" , and give an expression 
for them in terms of 6j(l) and 6j(3). Even in the classical case, such a simple expression of 

'I'^;^ was not known. We can define a linear map, denoted $, from Vx ® Vx> to J dX" H , by 
associating to each u G Vx <E) Vx' the map A" i-^ 'I'^,^ (u). It remains to show that we can find a 
normalization iV(A, A', A") of $^;') in such a way that $ is an isometry. This cannot easily be 
obtained from the definition of the ^'^^i in terms of 6j(3). 

We therefore use another construction of the intertwiners using the quantum analogue of the 

A A' A" 

operator / dh{g) Il{g) (E) ^{g) (8) 11 {g~^) where dh is the Haar measure. By using the relations 
between these operators and the $^,^ we are able to compute the normalization factor. This is 
the content of section 4. 

In section 5 we show that with this choice of normalization $ is an isometry. We then show 
that ^^^, is expressed in terms of q— Racah polynomials and Askey- Wilson polynomials. As 
a result this last property implies non trivial identities which mix q-Racah polynomials and 
Askey- Wilson polynomials. 

It is important to keep in mind the following hierarchy of complex continuations of 6j symbols 
ofitg(sM(2)): 



• 6j(0) are defined as being Racah coefficients (i.e recoupling coefficients) of finite dimen- 
sionai representations oiilq{su{2)). 

• 6j(l) are buiiding biocfcs of matrix elements of unitary representations of llg(s^(2, C)r). 
Tliey are matrix elements of the universal shifted cocycle |13[ and are equivalent to the 
Fusion Matrix of H. 



• 



6_7(3), as we will show, are building blocks of the Clebsch-Gordan coefficients associated 
to the tensor product of principal representations of iIg(s/(2,C)R). For the moment there 
is no real understanding of these 6j(3) in terms of Fusion matrix or as matrix elements of 
some universal element. 

There also exists a final level of this hierarchy, called 6j(6), where the 6 spins are arbitrary com- 
plex numbers. They are the building blocks of the Racah coefficients of principal representations 
of il<j(s^(2, C)r). Their expressions in terms of basic hypergeometric functions, as well as their 
properties will be given in g|. 

2 Definition and properties of various continuations of 6j 
symbols of iiq{su{2)) 

Let us first recall some notations and results of [|| which will be used throughout this work. 
The reader is also invited to read the first subsection of the appendix of the present article for 
definitions of basic hypergeometric functions. 

2.1 Intertwiners and 6j(0) oi iig{su{2)) 

Let q = e^^ with h G M+*, ilq(su(2)) is the star Hopf algebra generated by q^^ ^ J^*-* with the 
defining relations: 

q-q 

A(j(±)) = g-^®jW+jW®g^, A(q±^)=g±«®g±^, {q"r=q". (1) 

This Hopf algebra is a ribbon quasi-triangular Hopf algebra, with a universal i?— matrix denoted 
R. We will define as usual i?(+) = i?, i?(-) = R^i and fj, = q'^" . 

We will denote in the rest of this article Irr{iiq{su{2))) the set of all equivalence classes of 
finite dimensional irreducible unitary representations with Sp{q^) G M+. They are completely 

classified by a half-integer K and we will denote by tt the representation of spin K. The tensor 
product of elements of /rr(ilg(su(2))) is completely reducible in elements of /rr(llg(su(2))). Let 

K 

us define V as being the vector space, of dimension (Ik — 2K + 1, associated to the representation 
of spin K. Let {ern)m=-K---K, be an orthonormal basis of V such that Cm is of weight g™ for 

the action of q^ . The central ribbon element that we choose is such that tt{v) = vxid, where 
vk = e^^'^-^q~^^'^^^-^\ Note that we have included a sign in order to satisfy relation (0). 
Let us introduce the following notation: V/, J,Ke iZ+, Vm G ^Z we define 

(0) _ (1 if I+J-K, J+K-I, K + I-JeZ+ 

^ii.J^K) I otherwise ^ > 

(1) ^ r 1 if / + TO, / - m G Z+ , , 

(/,m) ~ 1 otherwise. ^ ' 



Let us now recall some properties about braiding matrices, 3j and 6j symbols of the finite 
dimensional representations of ilg(su(2)). We will always refer to conventions as well as explicit 
expressions given in ||l[, see also [^ |l^, |l^. The group- like element fi, the square root of 

the ribbon element w^/^, the quantum Weyl element w, the braiding matrices R^^\ and the 
Clebsch-Gordan coefficients satisfy the following relations: 



E 



/ J \f m n 
m n l\I J 



E 



m n 
I J 



K\ p 
P \K 



K 

P 

I J 



=Yrr'\ r.jK,Ls:Yy^ 



,(0) 






E 



k,l 



k I ^^ 



i/z 1/2 / 

i ^I ^J N±l ( 



1/2 1/2 



E 

i' j'm 



^"' im ^'- jn / y ^ 



*' / 



pn I /^ 



J / 



A B 

i J 



E-1 



1/2 I I a' 

Waa' I J J 



T(,/_K)/KfdNl/2 / b 



["J J 



J 



/ K 

a k 



E^l 



1/2 K 



Wk'k 



b k' 
J K 



y: WW 'r^^% w '^'^ = i?(^)^ , 



vjJ2w^'^i^k,= S)Y^%, 



i'k' 



IJ\ 


Sl.J Wab e"^ 




a b J 


^/W] ' 






fk 


A B 




[c 


i i 



vjY^ir'i„b=e'-'hl, 



Ma-i-e^- 



A B 



C 



(4) 

(5) 
(6) 



(7) 

(8) 
(9) 



The Clebsch-Gordan coefficients also satisfy the relations p 



A B 

i i 



(9) 



-k 
C 



^^, ^^)(,) = (-l)^+--^(^^ 



A B 



iq^')- 



(10) 



Let us now recall basic facts about 6j(0) that we will use extensively in our work. 
6j(0) of ilg(s?i(2)) are defined as follows: 



A B 
C F 



of,h 



5ZY, 



(1) _ V^ 

(H,p) - Z^ 

i.j,k,l.m 



m 
E 



A B 

i i 



E C\ j k 
m k \B C 



i I 
A D 



The properties of the Clebsch-Gordan coefficients, recalled above, imply the following rela- 
tions on 6j(0): 



A B 
C D 



B A 
D C 



C D 

A B 



A D 
C B 



(Symmetries), (11) 



A C 
B E 



^ i7,{C-F+E-D) MF][dD\ . 1/2 \ A F 

hdc][dEy 



B D 



(Racah-Wigner), (12) 



c 



E 



(A B 
\G H 




A B 
H G 


C 
I 



A B 
G H 






A B 
G H 



A ^ 



(0) 

D F 
E B 



1/2 1/2 1/2 

/ ^.7 '"l ^C 

^ 1/2 1/2 1/2 1/2' 

(0) Vq Vu Vj^ Vg 



A±l 



E A 
G H 



E F 
J H 



4 G 


I 


3 H 


J 


(D C\ 


\H 


G 



(13) 

(14) 
(15) 



The relation (14) is called the "Racah-relation" , whereas the relation ( |15[ ) is usually referred to 
as the "Pentagonal equation" or the "Biedenharn-EUiot" equation. The relations ([l4|)([l5|) imply 
the Yang-Baxter equation on 6j{0), also called "Hexagonal relation". 

Explicit expressions, as well as special values for low spins, of 6j(0) symbols are given in [0, 
but we want to add here the following asymptotic formulae which will be of importance in the 
rest of this paper (for details see m^ ) : 



lim 

if— ► + 00 



A B 

K K + rn + n 



C 
K+n 



^ ^iTT{A+B-C) 



lim 



A K + ni + n2 
D K 



K+n2 



'(f)) 

1/2 1/2 

^ 1/2 1/2 



771 + n 

G 



A B 
m n 






(16) 
(17) 



2.2 Definitions and properties of continuation of quantum 6j symbols 

In order to understand the problem of continuation of quantum 6j symbols the reader is invited 
to read the appendix of j^] where definitions, proofs, as well as references on 6j(l) are given. 

Let us give a definition which is essential in order to describe the complex continuations of 
quantum 6j symbols (the notations are explained in the appendix of the present work) . 

Definition 1 LetX = {{T,U,V,X,Y, Z) e C^,{2T,T+U-V,T + V-U,T+Y- Z,T+Z-Y) G 
N'^}, we define for any (T, U, V, X, Y, Z) e X, 



N 



T U 
X Y 



T U 
X Y 



jU-T+X-Y+l)^ u{Y-V,X)uj{T-Y,Z)u{T;V,U) 
"" (r-C/+X + y+l)oo(2T+l)oo(l)oo io{U;X,Z) 



= N 



T U 
X Y 



4*3 



U-V-T U+V-T+1 Z-Y-T -Z-Y-T-1 
-2T -Y-X-T+U U+X-Y-T+1 



(18) 



It is important to understand that for (T, U, V, X, Y, Z) E X,J\f 



T U 
X Y 



and 



T U 
X Y 



are both square roots of rational functions in the variables q , q ,q, q ,q, q ■ This is a 
simple consequence of the fact that the hypergeometric series is of terminating type. 

We have been very cautious with the determination of the signs. This annoying problem al- 
ready appeared in the case of 6j (0) but can be handled quite easily. This problem is strengthned 
in the case of 6j(l) and 6j(3) because in that case we really have to take square roots of complex 
numbers. This is the reason why we introduced a particular square root, denoted lyooix) of the 
Eulerian product (2:)oo for x G C 



It will sometimes be useful to have the explicit value of the 6j symbols when one of the spins 
is equal to or i. From the last definition we easily get: 



C 



1 

2 

A B 



C- 



1 

2 

A B 



C 



1 

2 

A B 



1 

2 

A B 



C 



C 
B + 

C 
B- 

C 
B + 

C 



B-h 



yA,B,C e 



C 



C 
A B 

-A + 



C 
B 

l)yi{A 



(19) 



B + C + 2) 



i/i(2C + 2)i/i(2B+l) 
vi{A + B - C)vi{A + C - B 



vi{A- 



z/i(2C + 2)t/i(2B + l) 
C-B)vi{A + B-C- 



Ji C+S-A+l 



j/i(2C)i^i(2B + l) 

B + C + l)i/i(C + S- A) 



1) ^C+B- 



vM 



t/i(2C)j/i(2B + l) 



(20) 



The usual 6j(0) symbols which properties were described in the last section and denoted 



A B 
D E 



\ where A,B,C,D,E,F e ^Z+ , are given by: 



A B 
D E 



A B 
D E 



Y, 



(0) 



-Y, 



(0) 



Y, 



(0) 



-X, 



(0) 



{A,B ,C) {A,E ,¥)"- {D ,B ,¥)'- {D ,E ,C) 



(21) 



This expression can easily be obtained from the usual expressions |15| , |l6| using the inversion 
relation and the Sears identities (^ 99) recalled in the appendix. 

In the previous formula, and in the following ones, we will make a distinction between the 
first part of the right handside, which is called "explicit value", and the second part, products 
of Y functions and called " selection rules" . 

In order to describe properties of continuation of 6j symbols, we will make in the sequel a 
convenient abuse of notation, which greatly simplifies formulae: 

if Xi e C is fixed, if /c is a positive integer and / : C*''+^ ^ C is a function, a series of the 
type Hx.,x-^ ....Xfc /(^i)^2, ■••,^fc) wiU always be defined as 



E 



/(Xl,X2, ...,Xfc 



/(^1,^1 



,Xk + nk). 



(22) 



ni,n2,...,r!fee|J 



Note that we will only use the notation Xq, Xi to denote a couple of complex numbers such 
that Xq — —Xi — 1, and Xq — Xi G ^X, (this notation will be explained in the next part.) 

Let us define the involutive endomorphism of the complex line: \/X E CX i-^ X = —X — 1, 
as we will see it is important to understand the action of this symmetry on the 6j symbols. 

In |]18[ [l| two types of 6j{l) symbols were defined. The first type is a family of numbers 



denoted 



A B 

Xi X2 



c 



and the second one is denoted 



A X2 
B Xi 



defined for A, B, C G iZ+,Vi, j G {I,--- A},Xi& 
Their explicit expressions are given by 



iZ^ 



, Xj 



X3 

X4 

1 



where both are 



-X, e iz. 



A B 
Xi X2 

A X2 
B Xi 



C 
X3 

X3 
Xi 



(1) 



A B 

Xi X2 

A X2 
B Xi 



C 
X3 



Y, 



(1) 



.Y, 



(1) 



Y, 



(1) 



^y; 



(0) 



(A.Xa-Xa)-' (S,Xi-X3)^ (C.Xi-Xs)-' (A,B,C)' 



^3 

X4 



Y, 



(1) 



.Y, 



(1) 



Y, 



(1) 



.Y, 



(1) 



(A,X2-X3)'- {A,Xi-Xi)^ (B,Xi-X3)'- (B,X2-Xi) 



(23) 



These formulae deserve some remarks, concerning the very word of "continuation". The exphcit 
value of the 6j(l) is a regular function when the X^ approach half- integer values, but the selection 
rules appears to be different, i.e the support of the continuated 6j(l) are larger than that of the 
6j(0) symbols. Nethertheless, for fixed I, J £ 5^^, and for a sufficiently large half-integer K we 
have Y,j ,< = Y,j ^ j:ji) ■ It is in this sense that the term "continuation" to complex spins has 
been used. 

From arguments developped in |18, l[, we can check different polynomial identities which are 
the continuation of the properties satisfied by the 6j (0) . Rather than being exhaustive we will 
just mention some of them which will be important in our present work: 



Proposit] 


on 1 






(A B 

\Xi X2 




(B A 

\X2 Xi 


(AX2 
\B X, 


X3\ 


\A Xi 
{B X2 





C \ _,i^^{x^-x,.+A-c) ^ii'ic)vi{dx:,) \C B 
^3 J i'i{dA)vi{dxt) \Xz X2 



A 
Xi 



Xi 
X3 



B Xi 

A X2 



X3 

X4 



( JTT ^(Xi-X3+X2-X4) Mdx4)'^lidx3) [ A X3 

'^ ^' >yi{dx,)i^i{dx,)\B Xi 



X2 
Xi 



(24) 



E 

c 

E 

X3 

E 
X3 



A 


B 


Xi 


X2 


A 


B 


Xi 


X2 



A X2 
B Xi 



C 
X3 

c 
X3, 

X3 1 IAX2 

Xi] \b Xi 



A 


B 


Xi 


X2 


A 


B 


Xi 


X2 



c 

Xi 

D 

X3 



(1) v(i) 

3:'^4^(A,X2-X3)-'(S,Xi-X3)' 



= Sx3.x„Yr/._ ._^r, 



(1) 



(0) ^(1) 

(A,B,C)^{C,Xi~X2)' 



= ScoYr.'^ r..Y, 



X3 
Xs 



"Xi.X^ ^ (A,Xi -X4) (B,X2-X4) ' 



(25) 
(26) 
(27) 



E 



A B 

X2 X-i 



E 



c 

D F 

X3 Xi 



C 
X3 



A B 

Xi X2 



C 

Xi 



1/2 1/2 1/2 

^ 1/2 1/2 1/2 1/2 
(1) '"Xi^'x^^A «B 



^±1- 



A Xi 
B X2 



X3 
Xi 



A 
Xi 



D F 
E B 



E A 
Xi X2 



B 

X3 



E F 

Xi X2 



c 
X3 



D C 

X2 Xi 



(1) 

B 

Xi 



(28) 



(29) 



E 

Xe 



C Xi 

D Xe 



Xi 
X2 



C X2 

A X5 



Xe 
X3 



A D 

Xi X^ 



B 

Xe 



C Xi 
B X5 



Xi 
X3 



(1) 



A D 

Xi X3 



B 

X2 



(30) 



E 

X5 



B A 
X2 Xi 



P 

X5 



A Q 
Xi X^ 



M 
X2 



B M 

Xi Xi 



N 
X5 



B A 

Q N 



P 

M 



P Q 

Xi Xi 



N 
X2 



(31) 



E 

M 



A P 

Xa X3 



M 
X2 



E 

Xr-, 



A P 

B N 
B P 

Xi Xt; 



M 
C 



c 

X2 



B 


M 


Xi 


Xi 


\A 


X2 


\B 


Xi 



N 
X3 

X3 

X5 



1/2 1/2 

( t^ X3 \±1 _ 

V 1/2 1/2'' 



/2 1/ 
(1) ^M ^X, 



A C 
Xi Xi 



N 
X5 



1/2 1/2 
(-TTT^)^^- (32) 



It is important to stress that every sums in the previous formulae are finite sums because of 
the selection rules entering into the definitions of 6j(l). 
We also have the following symmetry: 

Proposition 2 



A B 

Xi X2 



c 
X3 



A B 

Xi X2 



c 
X3 



(-1) 



A+B-C 



(33) 



Proof: 

From the Sears identity and the inversion relation (ym Uw we easily obtain the relation: 



A B 

Xi X2 



C 
X3 



(1) 



A B 

Xi X2 



c 

X3 



/(A,S,C,Xi,Xi,X3) where 



f{A,B,C,X,,X,,X3) 



-1) 



2AV iA+X2+X3,2A+l)V(C+Xi+X2,2C+l) 
V{2X3 + l,l)^{B+Xi+X3,2B + l) 



Using the explicit expression of (j){a,n) for n G Z explained in the appendix, we conclude that 

f = (-l)A+B-C^^ 

In order to obtain neat expressions for the Clebsch-Gordan coefficients of principal represen- 
tations of the quantum Lorentz group, it is necessary to introduce a new level in this hierarchy 
of continuations of 6j symbols. 



Definition 2 We will define 6j(3) symbols to be the family of numbers denoted 



A Xx 



X2 
Y2 



where A G iZ+, Xi, X2, ^i, i^j, ^1 e C- \'L+,Xi-X2 G iZ,Yi-r2 e ^Z and defined by 



A Xi 
Zi Fi 



X2 
Y2 



A Xi 

Zi Yi 



X2 
Y2 



Y, 



(1) 



Y, 



(1) 



(A,Xi-X2)"(A,yi-y2)' 



(34) 



These 6j(3) satisfy properties, which will be used in the rest of the paper and which are 
continuation of the identities satisfied by 6j(0) and 6j(l). We prefered to give combinatorial 
proofs of these properties rather than continuation arguments, in order to prepare to the 6j(6) 
case. Here again, the sums are finite which is a consequence of the selection rules in the definition 
of 6j(3). Note that these 6j(3) satisfy other relations, which will be explained in the section 5, 
as consequences of the study of the tensor product of principal representations of the quantum 
Lorentz group. 



Proposition 3 The following symmetry properties are satisfied 

i'i{dx2 

i^i{dxi)vi{dYi) \ Z\ Y2 



A Xi 


X2\ 


(AY, 


Y2 


Zi n 


Y2 \' 

hi) 


\Zi Xi 


X2 


Proof 









f^JT: YX1-X2+Y1-Y2) vi{dx2)vi{dY2) / A X2 



Xx 

Yx 



.(35) 



Simple use of Sears identity (|99D. D 
Proposition 4 We also have a discrete orthogonality property 



E 

X2 



A Xi 
Zi Yi 



X2 
Y2 



A Xi 

Zi Fi 



X2 
Y3 



(1) 

2,y3-'(A,Yi-Y2y 



6y2,y?Y, 



(36) 



Proof: 



This is equivalent to the orthogonaHty of q-Racah polynomials (see our appendix for notations 



( llOlD and |19|12C|] for proofs): 



N 



^ w^^'> {x; a, b, c, d)pl^^ (/^(x); a, 6, c, d)p^^ (^(a;); a, 6, c, d) = 5n,mh\f> (a, 6, c, d), (37) 



a:=0 



because N 



T Xi 

Zi Fi 



X2 
Y2 



hn {a,b,c,d) 



, and 



4$.1 



D 



Xi-Xa-T Xi+X2-r+i Y2-Y^-T -Y^-Y^-T-l 

-2 r -Ki - Zi -r +Xi Xi + Zi - Ki-T + i 

with n = T+X2-X1, X ^ T+Y1-Y2, N = 2T, 



= p\^\n{x)-a,b,c,d), 



-4T-2 



, 6 = g4^l+^ c = q2(^i+^^-^^-^\ rf ^ g-2(^i+n+x,+T+2) 



(38) 



These 6j(3) symbols satisfy the pentagonal relations: 
Proposition 5 



r/^ s 


cl 


/B A 


c 1 


rc Xi 


X2 


I^UaF^ 


''(1) 


\^i ^2 


x,i 


,Ul >^3 


12 


r-fS ^2 


■Val 


jAX^ 


X2I 


/A X4 


^3 


l;'!^, ra 


^■./, 


.1 ^ ^3 


x4, 


A ^3^1 


^2 


Proof: 













A 


Xi 


Zi 


Yi 


A 


Xi 


Yi 


Zi 



X3 
Y2 



B X3 

Zi Y3 



(3) 

X2\ JB Xi 

(3, ^ ^2 ^3 



X2 

Yx 

Xi 
Yi 



,(39) 
.(40) 



These identities are simply proved by induction on A. Indeed, for A — Q these identities 
are trivial and for A = -^^ they are easily checked on the exact expression of the 6j(3) using 
the finite difference equations verified by basic hypergeometric functions. The induction easily 
follows from the use of orthogonality and pentagonal equations on 6j'(l). 
D 

Finally, we have a Racah relation: 



Proposition 6 








2^\Z2X, 


Y2^ 


\A Z2 
\Xi n 


Zi 
Y2 


Proof: 









(- 



1/2 1/2 1/2 

Vy Vy^ V 



X: 



/2 1/2 1/2 1/ 
(3) "Za %i '"Xx ^A 



\ ) 

1/2 '^ 



±1 



A Xi 
Yi Z2 



X2 
Zi 



(41) 



It can be proved by continuation arguments from the 6j(l) case. D 

We can prove other identities, which will be useful in the following chapters, and which are 
direct consequences of the previous ones. 



Proposition 7 The following pentagonal equations are satisfied: 



E 

X2 



C Xi 
Yi Z3 



X2 
Z2 



A C 
Xi X3 



B 

X2 



E 



A X4 
Y^ Z, 



X2 
Z2 



B Xi 
Z2 Yi 



Xi 
Y2 



A X2 
Yi Z^ 

A Xi 
Y2 Zi 



X3 
Z3 



X3 
Z2 



B Xi 
Yi Zi 

A Xi 
B X2 



X3 
Z2 



G A 
Zi Z2 



X: 
Xi 



(3) 

3 1 ] B X3 

(1) 



Z, Fi 



B 

Z3 

X2 
Y2 



,(42) 



(43) 



Proof: 

It is obtained from the pentagonal relations (P 
6(). D 
We also have the hexagonal equation: 



Q) and the discrete orthogonality relation 



Proposition 8 






















1/2 1/2 
2.^ 1/2 1/2 


(C Y, 


X2] 


(A B 

\Yz Yi 

3) *- 


^1 


JA B 
\Xi X2 


y„ 








1/2 1/2 
/ / 1/2 1/2 


ll"3 ^1 


^2! , 
^2/ ^ 

^(3) 


{A Y2 
{Xi Zi 


^(3) 


'B Xi 

^Z2 Fa 


^3 
Y2 


Proof: 























(44) 



(3) 



It is obtained by applying successively (|l|) (H) (HH) @ . D 
Finally the action of the automorphism of the complex line is given as follows 
Proposition 9 

X2 



A Xi 
Zi Yi 



X2 
Y2 



A Xi 
Zi Yi 



Y2 



giA,X,,X2,Z,,Y,,Y2){-l 



Y1-Y2+X1-X2 



where g is a fourth root of unit which expression is: 

^i-Y2+Xi + Zi,Xi-X2+Yi-Y2)V{Xi+Y2 + Zi + l,Xi-X2+Y2-Yi)^{Xi+Y2-Zi,Xi-X2+Y2-Yi) 
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(45) 



(46) 



^{2Y2 + l.l)^{2X2 + lA)ViY2+Yi-A,-2A-l)^{Xi+X2-A,-2A-l)^{Y2 + Zi-Xi,Y2-Yi+X2-Xi) 

Proof: 

It is proved using the inversion relation and the Sears identity. Using the explicit expression 
for Lp{a,n) with n integer, we obtain that g is a fourth root of unit, but there is no simpler 
formula for g. D 

2.3 Quantum Lorentz group, Principal Unitary Representations and 
Harmonic Analysis 

We will recall in this section fondamental results on iiq{sl{2, C)r) and on the harmonic analysis 
on 5L,(2, C)k. 

lIg(sZ(2, C)r) by definition is the quantum double of iXq{su{2)). As a result we can write 
iiq{sl{2,C)]^) = ilq{su{2)) (g) llg(su(2))* as a vector space, where ilg(su(2))* denotes the re- 
stricted dual oiiiq{su{2)) , i.e the Hopf algebra spanned by the matrix elements of representations 
contained in Irr{iiq{su{2))). 

A basis oi iiq{su{2))* is the set of matrix elements of irreducible representations of 11^(5^(2)), 
which we will denote by g],B S ^Z'^,i,j = —B, ...,B. 

It can be shown that ilq(su(2))* is isomorphic, as a star Hopf algebra, to the quantum en- 
velopping algebra ilg(an(2)) where an{2) is the Lie algebra of traceless complex upper triangular 
2x2 matrices with real diagonal. 

iiq{su{2)) being a factorizablc Hopf algebra, it is possible to give a nice generating family 

of il,(su(2)). Let us introduce, for each / e iZ+ the elements L^^) e End[£.'^') (g) ilg(su(2)) 

defined by Z'^^ — [tt ® id){R^^^). The matrix elements of D-^'' when / describes ^Z+ span the 
vector space ilq{su{2)). 
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The star Hopf algebra structure on Hq{sl{2,<C)s) is described in details in R]. Let us simply 
recall that we have: 

£(±).£(±)fc 



9)9^ 



E 

Kmn 



Kmn 


'i k 
,1 J 


ml 


±)m{ n 


i k 

I J 


K\k 
m)3 


m( n 





I J\ 

J I ) 




(47) 




^12 ^1 92 — 92^1 -n-12 ' 


(48) 


I 


c 


(49) 




ikr = s-\g'j. 


(50) 



C 

(i(±)^)* = 5-i(iw^) 

The center of ilg(s^(2, C)k) is a polynomial algebra in two variables ri+, fl- and we have 51± = 

<r(^-iI(T)-i|). 

Principal Unitary Representations of ilg(s^(2, C)r) have been classified in |j], and the follow- 
ing description is given in ||l[. They are labelled by a couple of complex numbers (Xo,Xi) € §, 
whereS = {(Xo,Xi)eC2 / 2Xo+l = (m+ip) , 2Xi + l = {-m+ip), m e iZ, p e]-f , f ] }. 
For {Xq, Xi) e § we will often denote mx — Xq — Xi,ipx = Xq + Xi + 1. 

Let us denote by U the principal representation associated to (Xo,Xi) and V{XoXi) 

the associated iiq{sl{2,C)M.) module. y(XoXi) is a Harisch-Chandra module and we have 

c 



V{XoX,) = 



Z^ 



= -c, 



given by: 



y as a ilg(su(2)) module. In term of the basis {criXoXi) = e^, C € 
, C} of the module V{XoXi), the action of the generators of ilg(s^(2, C)k) is 



C,C-|m^|(EN 



l(±)! 






Bi c 



DEpx 



p I 

E B 



B C 

J r 



^Eci^oXi), 



(51) 
(52) 



where the complex numbers K^^{XqXi) have to verify certain constraints explained in the 
appendix. It is a fondamental result that these coefficients can be expressed in terms of 6j(l) 
as follows: 






A 

X2 



B C 

Xq Xi 



D 

X2 



1/4 1/4 
j,^ 1/2 1/2 

(1) ^-^1 «B ^C 



E 

X2 



B C 

Xi Xq 



A 
X2 



B C 

Xi Xq 



D 

X2 



1/2 1/2 



2 J(i) VX2 V 



1/4 1/4 ■ 



(53) 
(54) 



^D 



(^0^1) 



The action of the center on the module y(XoXi) is such that 11 (r2±) = uj±id where lu+ = 
2X0+1 1 —2X0—1 ^^ __ 2X1+1 I —2X1 — 1 

We can endow V{XqXi) with a structure of pre-Hilbert space by defining the hermitian form 



< ., . > such that the basis {er{XoXi),C £ 5Z+, i 



-C, 



, C} of l/(XoXi) is orthonormal. 



(XoXi) 



The representation If is unitary in the sense that Wv,w G V^(XoXi), Va e ilg(s^(2, C)k), 
< a*v,w >—< v,aw >, this last property being equivalent to the relation: A^£(XiXo) = 
Afg(XoXi). 
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We will denote by H{XqXi) the separable Hilbert space, completion of F(XoXi) which 
Hilbertian basis is {er{XoXi),C G ^Z+, r = — C, . . . , C}. 

The automorphism of the complex line is now playing a key role because of the following im- 
portant result: the principal representations associated to {Xo,Xi) and to {Xq^Xi) are unitary 
equivalent. 

Let us now recall some basic facts about the algebra of functions on SLq{2, C)m |^, ^ Q. We 
will use the notations of W . The space of compact supported functions on the quantum Lorentz 

group, denoted Func{SLq{2, C)r) is, by definition, Fun{SUg{2y)'S> (^j^i^_, End(<C'^')\ . This 
is a C* algebra without unit. It contains the dense *-subalgebra Q Funcc{SLq{2,C)R) — 
Pol{SUq{2,Y) (g) (®/giz+ End{C^')\ which is a multiplier Hopf algebra [p|, and which can be 
understood as being the quantization of the algebra generated by polynomials functions on 

SU{2) and compact supported functions on AN{2). 

c D 

{k^'S)EP)c,D,m,n,p,q IS a vector basis of Funcc{SLq{2, C)r) which is defined, for example, by 
duality from the generators of the envelopping algebra: 

< l(±);. if, c®% >= R^^^';:sB^DS^qSf. (55) 

We can describe completely the structure of the multiplier Hopf algebra in this basis; 



Frs ^ 

C,D,m} 

p.q.r.s 



r)[F 



J^)SfSB,nk:^E'q 
^ ^kl®E^,®kT®El)T23 



p r 



^q^'-3 



e(fc;®lf ) = <5;5b,o {k}®E\r = S-\kD®Ei with T^,^ = Y^E^^^S'Xkl). (56) 

J,x,y 

The space of right and left invariant linear forms (also called Haar measures) on FuTic{SLq{2, C)r) 
is a vector space of dimension one and we will pick one element h, which is defined by: 

hik^^ED^SAAf^^'TidB]. (57) 

Using the L^ norm, || a 11^2 — h{a*a)2^ we can complete the space Func{SLq{2,C)M) into the 

Hilbert space of L^ functions on the quantum Lorentz group, denoted L^(5ig(2,C)R). 

c D 
Funcc{SLq{2,C)M) is a multipher Hopf algebra with basis (ua) — {{k^ ^EP)c,D,m,n,p,q)- 

The restricted dual of Funcc{SLq{2, C)r), denoted ilq(sZq(2, C)r), is the vector space spanned 
by the dual basis {u") = {X^ (g) g^). It is also, by duality, a multiplier Hopf algebra and 

ilg(s^(2, C)r) is included as an algebra in the multiplier algebra of ilg(sZ(2,C)H). If H is the 
principal representation of ilg(s/(2, C)m), acting on V{ZqZi), it is possible Q to associate to it a 

unique representation H of itg(s^(2, C)r), acting on V{ZoZi), such that U{X^){er) = <^c,D<5"em. 
We define for all ■0 element of FuncdS L q {2, C)]fi), the operator Il{t/j) — '^jYl{u^) h{ui -0). 
It is easy to show that H('0) is of finite rank. 

If / is a function on S, we will sometimes write f{mx , px) instead oi f [XqXi) . The Plancherel 
formula can be written as: 

dViXoXi) tr ( U\^i-^) n(V-) n(0)t j , (58) 
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where we have denoted 



dViXoXi) /(XoXi) =J2 I dp V{m, p) fim, p) 



mei 



with 'Pi'iTi, p) — Tr—iq — q ^)'^ [m + ip][Tn ~ ip]. 

The proof of this theorem is purely combinatorial and uses as a central tool the following 
identity on Fourier coefficients of the Laurent polynomials A^^: 



dViXoXi) Af'iiXoXi) = SB,o5A,c[dA]. 



(59) 



A Plancherel Theorem for L^ functions has been proved B , it follows easily from the previous 
result and from the following lemma, which will be useful later on 

Lemma 1 The only function / : S ^ C satisfying the following conditions: 

IJim e iZ,Vp e] - |,f],/{m,p) = /(-m,-p), 

2}im £ iZ, /(to, .) is a L^ function on] — f , f ], 

3)3mo € iN,Vm, \m\ > toq, /(m, .) = 0, 

^;3A,DeiZ+n[|mo|,+(X3[,VB,CeiZ+, J dV{XoX,) f{XoX,) A'^'j^iXoX,) - 0, 
is the nul function. 



3 Intertwiners associated to unitary representations of the 
quantum Lorentz group 

The aim of this section is to give explicit formulae of the intertwiners between the representation 
n (8) n and the representation H , in terms of complex continuations of Qj symbols of 

ilg(su(2)). 

Proposition 10 Let ^''''°^^^X)''^^ '■ V{XqXi) ®V{YqYi) -> V{ZqZi) he a ilg(s/(2, C)r) inter- 
twiner. We necessarily have: 



1>'T.o'irr^'(e. (^o^i)® e, (Foyi)) ^Y. ^'^ (^"^1^ 



where the coefficients 



XqXi YqYi 
A B 



C,k 

C 
ZqZ\ 



c 



A B 
i 3 



XqXi YpiYi 
A B 



C 
ZqZi 



(60) 



called "reduced elements" , are complex numbers. 



Inversely such a map defines an intertwiner if and only if the following conditions on the reduced 
elements are satisfied: V^, B,C (E ^Z+, Y, . „ ^\ = Y, 



(1) 



Y, 



(1) 



(B,my-) 



1, 



E 

QRSP 



Proof: 



^0^1 YoYi 


T 


R P 


ZqZ\_ 


(U A 


S\ \ 


\B W 


c 


Ao) 



,US iv^v \kVQ(^--- -^ I ^ ^ 



Ai?A(A^oAri)Ap^(Fo^iy 1 ^ y^ 



B U 
R W 



XoXi YqYi 
A B 



C 
ZqZ\ 



(61) 



The necessary condition comes from the fact that ( |60[ ) is equivalent to the property that 
'J^'^^czozr?^^' ^^ ^^ intertwiner of ilq(su(2)) module. Such a map is an intertwiner of ilq(art(2)) 
module, if moreover. 



13 






{Hgn){e, [XoXi)® I, {YoY,))) = g^'^''"%l'iT'He^ (^o^i)® h (YoY,)). 



This last condition can be rewritten as (|6l|) using (|5^) ( |25| ) (|ll|) . This concludes the proof. D 

Remark: A very important point is that ^'''^°^z]^z'^°^^'' maps the algebraic tensor product of 
the two domains y(XoXi) (g) ^(10^1) to V{ZqZi). As a result the sum ( |60| ) is finite. It can 
be seen that there are no non zero intertwiner from V^ZqZi) to the algebraic tensor product 

ViXoXi)(g>V{YoYi). 

Lemma 2 The space o/ilq(s/(2, C)k) intertwiners from the module V{XqXi) <S>V{YoYi) to the 
m,odule V{ZoZi) is of dimension or 1. 

Proof: 



An elementary proof is obtained by analyzing the rank of the system of linear equations (pl|). 
Using the isomorphism of module between y(XoXi) and V{Xo, Xi), we can always assume that 
mx,rnY,mz are non negative. It is easy to show that we can always assume that mz < 
mx + ray- If not, we use the fact that the space of intertwiners from V{XoXi) ® ^(^0^1) to 
V{ZqZi) is in one to one correspondence with the space of intertwiners from V{ZoZi)^V{XoXi) 
to V{YoYi) to exchange my and mz- This one to one correspondence easily follows from the 
isomorphism T/(XoXi)* w t/(XoXi) w t/(XoXi) and where we denoted by l/(XoXi)* the 
restricted dual of the Harisch- Chandra module y(AroAri). 

This system of linear equations is equivalent to the subsystem where we have chosen U = 2, 

because iiq{an{2)) is generated as an algebra by g™ where C/ = i. This system is therefore 
equivalent to the following one: Vcr, r e {^, — 5}, 



EXqXi 
A+v ^ 

A+v+p C+a 



p B+e- 



M 



C+a + T 
ZqZi 



4+XAiXoX,)Aif^tlB(XoY^) 



X 



B + e+p 
-'^o-'^i YqYi 



B + e 

C + cr + T 



c 



B 

a A+iy+p 



A 



B 



C 

ZnZi 



^C+a+Tci^oZl). 



B + e 

A+iy 



(0) 



1 A 
B C + a 



A+iy\ 
C 



■'m 



(62) 



We will denote by S{a-, r) this system of equations. 

It is easy to show that the system S{—^, —^) completely determines the reduced elements 
at the point {A, B, C) in terms of the reduced element of the points (A', B', C — 1) with A' = 
A + e^B' = B + V with e, i^ G {i, —\}- Therefore the rank of the system is less than the rank 
of the vectors which components are the reduced elements at the points {A, B, mz). 

Let A = {{A,B) e (iz+)2,y/2B,™.) = 1}'^ = K^^) e (iZ+)2,A-mx e N},Q = 
{{A, B) € i(Z+)^, B — my e N}. A n P n Q is the intersection of a lattice with a convex set 
which boundary consits in 3 segments and two half- lines. In the case where mz < rnx + rny 
one of this segment degenerate to the point p = {mx,m,y). It is easy to show, by a direct 
computation, that the system S{^,—^) and 5(— i,i) are independent. As a result we can 
take linear combination of these two systems to have linear combinations of reduced elements 
at (A, B, mz) involving only 8 points and not 9. It is easy to show that the use of both of 
these systems determine uniquely the reduced elements at the point (yl, _B, mz) in terms of the 
reduced elements at the point p,p+ (1, 0),p+ (0, l),p+ (1, 1). As a result the system is of rank 
less than four. But the reduced elements at the point p,p+(l,0),p+(0, l),p+(l, 1) are solutions 
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of three systems of linear equations which can be shown to be independent: 

S{^, — ^) at {mx, mY,rnz), S{—^, ^) at (mjf ,TOy, mz), and S{^, 5) at {nix, Tny^rnz — !)■ As 

a result the rank of the system is of dimension less than one. D 



Theorem 1 Assume that the numbers px, Py, Pz o-nd exPx + ^yPy + ^zPz "with €x,^Yi^z G 
{—1,1} are non zero. The space 0/ iIq(s/(2, C)r) intertwiners from the module V{XqXi) (g) 
V{YqYi) to the module V{ZqZi) is of dimension if and only if mx + my + mz ^ Z. 
If wjf + my + rnz £ X it is a one dimensional space which admits a non zero element, whose 
reduced element, given in terms o/6j(l) anrf 6j(3), is 



XoX, YoY, 
R P 



T 
ZqZi 






T Zi 
^0 ^0 



^0 
X2 



C3) 



T P 

Xi Xq 



R 

X2 



P Yi 
Z\ X2 



Yo 

Xi 



Vrji V 






We will denote by <I> "(^zazi) ^ the associated intertwining operator. 
The reduced elements satisfy the condition: 



1/2 



(63) 



VC,C-|mz| €N,3A,Be ^Z^ 



A B 



C 

ZqZ\ 



^0. 



Proof: 

We have assumed that px, Py, pz and expx + £yPy + ^zpz with ex, ey, ez G {^Ij 1} are 
non zero in order that all the 6j(l) and 6j(3) are well defined in the expression (|63|). But 
this condition can nevertheless be removed by normalizing the reduced elements by a function 
F{ZqZi, YqYi, ZqZi) which remove the singularities of this expression. 

Using only polynomial identities on continuation of 6j, we will show that the left handsidc of 
( pll ) and the righthandside of (61) are equal if we take the ansatz (g3|) for the reduced element. 

The lefthandside of (|l|)= 



-ittP 



E 



1/2 1/4 1/4 1/4 1/4 

V V "a '"b '"Xo^XsVy^ 



1/2 1/2 1/2 3/4 

QRSPX^X.Y^ ^Wx^Vg Vq V^^Vy, 



P Yr 


1 


Z\ X2 


J 


U A 


S 


B W 


V 



Yo 

Xi 



/^ 


^ 1 


^1^0 Xi 


U Q 


P 


Yo Yi 


Y2 



R 

X3 



(1) 
U Q 
Yo Fi 



U S 
Xo Xi 



A 
X3 



T Zi 


Zo 


Yo Xo 


X2 


1 iR 


P 


-'(11 *- 


w 



T P 

Xi Xo 



B U 
R W 



R 

X2 



(1) 



B 

Y2 



We apply first the pentagonal identity (p^) to the second and sixth 6j, then the pentagonal 
identity (bTI) to the fourth and the seventh Qj and finally we realize the sum on R by applying 
the orthogonality (psl), to obtain 



^-i-rrP 



E 



1/2 1/4 1/4 1/4 1/4 

«p V '"a ^b "' 



1/2 1/2 1/2 3/4 

QSPX^X^Y^X, ^UVx^Vg Vq Vx^Vy 



'"Xo'^X^Vy, J T Zi 

Yo Xo 



Zo 
X. 



U P 



2 J [ Xi Xi 

(3) 



Q 

X2 



P Y^ 


i 


Zi X2 


y 


U A 


S 


B W 


V 



Yo 
Xi 



fu 


w 1 


\ Xo X2 


U Q 


P 


Yo Yi 


Y2 



T 
Xi 



(0) 

U Q 
Yo Yi 



U S 

Xo Xi 



A 
X3 



B 

Y2 



B U 

Xi Xi 



X. 



B W 

Xo X3 



S 

Xi 



(1) 



Now we apply the symetries (pj)(p3) and transform the sum over P of the second, the third, 
and the ninth 6j using the hexagonal identity (Q), to obtain 
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[dQ] E 



1/4 1/4 1/4 1/4 1/2 1/2 
V < Vb ^Xq VX^Vy^ vj^ 

1/2 1/2 1/2 3/4 1/2 

' 11' Tf' /?!' H' 



05^3X2X3^2X4 "vuv^^ vg w^; w^^ wy^ 



U Y2 


i 


Xi Zi 


^ 


[/ A 


5 


B W 


V 



Yi 



U W 
Xn X2 

Q Xr 

Zz lo 



T 
Xi 



Xi 
Y2 



[^ 


S 1 


\ Xo Xi 


U Q 


B 


Yo Yi 


Y2 



A 
X3 



T 


z. 


Ya 


Xa 


B 


U 


Xi 


Xi 



Zo 
X2 



(1) 



(1) 



U X4 
Yo Zi 

B W 

Xq X3, 



X2 
Z3 



s 

Xi 



(e"g)f 



_Y„) >^i{dx,yi{dYo) 
i^iidxi^iidYi)' 



We realize the sum over Q of the sixth, ninth and tenth 6j using the pentagonal identity ( |3£ 
and symetries (Q), the sum over X2 of the first, second and fourth 6j using the pentagonal 
identity (|3S|) and transform the sum over S of the fifth, seventh and eighth 6j according to the 
hexagonal identity ( |32| ) to obtain 



^-i-rrB 



% 



B 


X3 


Z3 


Yo 


U 


W 


Xo 


X5 



1/4 1/2 1/4 1/4 1/2 1/2 1/2 
-T V- Vt Vy ^B ^Xq ^Xa '"Y2 ^Z3 

'J 2-^ 1/2 1/4 1/2 1/2 1/4 1/2 

Z3X5X3y2X4«vi' «A "t/^X, ""Zi "Xi %i 

T 
Z3 



Xi 
Yi 

V 
Xi 



W Xo 
Yo Z3 



Xi 
Zo 



u w 

Zo Z\ 



U Y2 


Yi 


Xi Zi 


Z3 


\u x^ 


\B Xi 



(3) 

^3 

^5 



U Xi 


X3 


Z3 Yi 


Y2 


(B V 1 


.1^0 


Xi 



(3) 

A 

X5 



(1) 



„in„,(Xi+2Yi-Xi-Ya-Y2) ^'i-idXi)viidYo)viidY2) 



'qy 



i^i{dxi)i^i{dYi)'^ 



Then, we realize the sum over Y2 of the first and second 6j by using the Racah identity 
and symetries (pq) to find 



-iirB 



1/4 1/2 1/4 1/4 1/4 

1/2 1/4 1/2 1/2 

Z3X5X3X4 ^U ^A ^Z^V^ V^^ 



W E 



W Xc 
Yo Z3 



Xi 
Zo 



U W 
Zo Zi 



T 

Z3 



U Xi 
B Xi 



U Xi 


X3I r 


B X3 1 


Yi Z3 


Zil\z3Yo 


X3\ 


( B V 


A 1 


x,i 


[Xo Xi 


x,i 



Xi 
Yi 



(3) 

u w 

Xo X^ 



V 
Xi 



iTT „\{Xi+Yi+Zi-Xi-Yo-Z3) 



x(e"g) 



'^iidxi)i^iidYo)'^i{dz3) 



i'i{dxi)vi{dYi)vi{dzS 

Now, we realize the sum over X3 of the first, second and fifth 6j by using the pentagonal identity 
Io|) and symetries (Bq) to find 



,-'i7rS 



¥b\ E 



1/4 1/2 1/4 1/4 1/4 



i3 "B "Xo 



"Xi 



1/2 1/4 1/2 1/2 

Z3X5X4 ^U ^A VZ^V^ U^^ 



W Xo 

Yo Z3 



Xi 

Zo 



U W 

Zo Zi 



T 
Z3 



u 


Xi 


Yo 


Zi 


B 


V 


Xo 


Xi 



X5 
Z3 

A 

X5 



B X5 
Zi Yi 

U W 
Xo X^ 



Xi 

Yo 



V 
Xi 



Finally we realize the sum over Xi of the first, third and sixth 6j using the pentagonal 
equation (B3) to conclude 



^Tm^E 



1/4 1/4 1/4 1/4 



<s:^ 



Xs 

1/4 1/4 

V ^Z3 



1/4 1/2 



1/2 1/2 
Z, ^U '"W ^Zr 



the righthandside of (B 



U W 

Zq Zi 



T 
Z3 



V Xo 


X5 


Yo Zi 


Zo 


(W 


U 


.M^ 


Zo 



B V 

Xo Xi 



A 

X5 



(1) 



B X5 
Zi Yi 



Xi 
Yo 



V 
Z3 
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This concludes the proof that the expression of the reduced elements defines an intertwiner 
operator. 

Let us now prove the final part of the theorem. Let us fix C such that (C — \mz\) € N and 



assume that VA, B, 



A B 



C 

ZqZi 



= 0. In this event, by multiplying the reduced element 



by 



C B 

Xi Xq 



A 
X. 



, and summing over A, we would obtain, after the use of the orthogonality 



relation on 6j(l), VB,VX2 



relation on 6j'(3), 3^2 / 





\C 


Zi 1 




[i"o ^0 


c 


Zi 


Zo 


Yo 


Xo 


X2 



Zo 

X2 



B Fi 
Zi X2 



Xi 



— 0. But from the orthogonality 



(3) 



7^ 0. As a result we obtain that { r^ v 

Z\ X2 



Yo 
Xi 



for all B subject to the selection rules. From the behaviour of 



B Yi 
Z-\ X2 



Yo 
X, 



when B is large 



(see Eq. (103)), we obtain a contradiction. As a result the statement of the theorem holds true 
and implies in particular that the intertwiner is non zero. D 



4 Alternative Construction of Intertwiners in terms of the 
Quantum Haar Measure 

Let us define the linear map ^{XoX^,YoY^\ : V{XoXi)(g)V{YoYi) -^ /® d{ZoZi)H{ZoZi) where 
Vw e V(XoA:i) (g) V{YoYi), ^XoXi,YoYi]{w) is the family of functions defined by 
^XoX,,YoY,]{w)iZoZ,) = A^'™ )"""'' **""("o'ir?"''(^«)' and N'Xz,r°"'' are complex num- 
bers depending on Xo ,Xi,Yo,Yi,Zo,Zi. 

We want to find A^ such that $[AoAi, YoYi] is an isometry. As explained in the introduction, 
this is a delicate problem which requires another description of the space of intertwiners, where 
this isometry property is a direct consequence of Plancherel theorem. 

Theorem 2 Let I e V{XoXi),l' e V{YoYi),v" e V{ZoZi), the following operator is well 
defined, and is an intertwiner of iiq{sl{2,C)s.) module: 



T<fSfi\'"°"^' [I, I'; v"] : V{XoX,) ® V{YoYi) ^ V{ZoZ,), 



(ZqZi) 



.(^flZl) 



(^0^1) 



(YoYl) 



T'TO,'r''"^'[Z,Z';z;"] = ^ ""n \«^)t k" >< W ifWiu') ^^'u' {u') Kuiujuk). (64) 

UK 



Its matrix elements satisfy the relation: 

B,j 



Y^ n If (u^) n If in') n ^'^',',,{u'^) Hu.ujuk) 

UK 

' A B\c„ f i' j' 



E 



C',k 
k 

c 



« J 



Mfe' 



A' B 



A' 


B' 


C 


AoAi 


YoYi 


ZoZi 


A 


B 


c 



with 



A' 


B' 


C 


AqAi 


YoY, 


ZqZi 


A 


B 


C 



E MSAi4(^oAi)AfAi(yori)A^,^(ZiZ„) X 



KLMN 



[dc][dc 



K A 

B N 



A' B' 

K N 



C 
M 



B K 

A' N 



M 
L 



.(65) 



This infinite series converges absolutely and uniformly in px, Py, Pz- Its square is a continuous 
function of px, PY, pz- 
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Proof: 

We will use the convention of summation of repeated up and low small indices. 

UK 



KLK'MK"N 



^ n if in') n lf{u') n ^''^','',,iu^) Hujujuk) = 



C K" 



r s 
A' K 



K A\ .K'Mi^r^r ..fa b 



xA^'/s'iz.zo) ( ;; 



m p 



I k 
K" C 



u I 
N\ c 



M 
c 



c 

M 



K' B 

d J 



n 



A' ,, K B' ., K' C' K" 



w,k'{w^'y''''h{k::(SiE: k^a®Et k^(E>EP) 



= E 

KLMN 



c2iTTKr 



^K\ . KL 



M 



[dc] 

K B 

s j 



A5,^^(XoXi)Ag/«(rori)A^/^(ZiZo) 



A' K 



m 



K A\f a p 
u i I[b' K 



M 
c 



C K\f I k 
m p )\K C 



m 
C 



A' B' \ A-_i / I- f 



r a 



after the use of formulae ( |57| ) and 

„2iTtK 



= E 

KLMN 



[dK] nKL /v V \\ KM iw \K KN '^ ^ ^ I ^' B' 



r , 1 -^A'A{^oXi)Ag,g{YoYi)A(j,(j{ZiZo) ^ ^ ^ 



c 

M 



K B\f I k 
s J [k C 



E 



KLMN 



K A\l n A' M\f c 
u i )\N r c )\M 

e *^ [dK] nKL (V V \\ KM (w \\ KN (z 7 \ J ^ ^ 

K N 



n j^'' >' U' B' 



C \ c' 
Mfc' 



r s 
A' K 

C'\c 



[d, 



c 



iA^4(XoXi)A^,^(yori)Ag,^(ZiZo) 



c 

M 



B K 

A' N 



Mfc' 

M 
L 



(0) 



L 



K A 

u i 



L B\f I k 

t J J \k C 



(M )i I ^, Q, 



C \ c' 



after having used twice the formula (O) 

„2iirK 



= E 

KLMN 



[dK] ,KL(v V \K KM /WW KN , r, ., s \ A B 



[dc 



^A5,^(XoXi)A«,-(yori)Ag,-(ZiZo) 



K N 



c 

M 



g2z.(JV^C)[^ 



N\ 



I t 

K L 



[dc] 
righthandside of (65) 



L B 

t j 



I n r^ ^' [A' B' 



B 


K 


A' 


N 


C 


\c 


V 





M 
L 



where we have used formulae (R) and (O) to conclude. 

This proof holds true as soon as we have shown that these series are absolutely convergent. 
Proof of the convergence of the last series can be obtained using asymptotic properties of coeffi- 
cients A;^£, as well as asymptotic properties of 6j(0). Indeed, using the selection rules of 6j(0), 
we know that in the four sums 



E 



[dK+n\[dK] i^K K+l 



Kin 



[dc][dc'] 
K A 



A--+'(XoXi)Af,f+™(ron)A^,^+"(ZiZo)x 



B K + n 



K + l 
C 



(0) 



A' B' 

K K + n 



C 

K + m 



B K 

A' K + n 



K + m 
K + l 



(66) 
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for a fixed K, the range of the sum over l,m,n is finite and fixed by \l\ < niin(A, ^'), \m\ < 
min{B,B'),\n\ < inm{C,C'),\l — n\ < B,\n — m\ < A'. Thus, in order to show the abso- 
lute convergence of this series, it is sufficient to bound the general term in K by a geometric 
series. This can be proved using the beh avio ur of the coefficients A^^^ '^ when K is large, 
derived in the appendix. Precisely, using (11_1) and (|l6|)(|l7|), we have the following property: 
yi,m,n,A,B,C,A',B',C" e \L, there exist Q,Q' (^M., such that Vpjf , py , pz e] - f,f] : 



Vif, 



\IK, 






{dc\{d. 

K A 
B K 



C" 



K + l 
C 



A' B' 
K K- 



a 

K + m 



B K 

A' K 



< QK^q 

K + m 
K + l 



3„2K 



< Q'. (67) 



The series is therefore absolutely convergent and uniformly convergent in px , Py, Pz- From this 
last result and using the property that Af^^\q'^^^+^ ,mxW^^Hq'^^'^'^ ,mx)~^A^'j^{XoXi) is a 
continuous functions of px , the square of the matrix coefficients of the operator T 



(XoXiXVoi-l) 

(ZqZi) 



are 



continuous functions of the three variables px, Py, Pz- Note that in the case where A = A' ,B = 
B' ,C ~ C the expression (pSJ ) is itself a continuous function of px, Py, Pz- 

We still have to show that the linear map T'^^ifziJ^"^^' [^: ''; v"] is an intertwiner. We have 



-^(XoXi)(1'(,i'i)r, ,/ /, 



E 

UK 



(Zo^i) „ (^oXi) (-s-on) 

n {u^)'f\v" ><i(g>i'\ n {u^)(g> n {u'^) h{uiujUK) 



.(ZoZi) 



(J^o^i) 



(1'on) 



= ^ n {s-\u'^))\v" ><i(E)i'\ n {u^)(E) n (u-^) himujUK) 

UK 

Using the identity verified by any Haar measure on a co-quasitriangular Hopf algebra A 18, pi 
/i(a6) = yj /i(6a(2)) < /x, a(i) >< /i, a(3) >, Va, 6 e A, (68) 

(a) 

and simple transformations using properties of the antipode and of the group-like element /u, we 
obtain that T^^fzazl)^"^^^[Kl''jV"] is related to the operator: 



2<X^,'r''"^'[?,^';i'"] : V^(^oXi) ® V{YoY,) ^ ViZoZ,), (69) 

'^[l,l';v"]^Y^ n {S{u^)p)\v" >< 1(8)1'] n {u')(E) U {w') h{uKUiUj), 



" (ZqZi) 



UK 



as follows: 



U.9 



cc 



As a result it is equivalent to show that S'^z^ij'J^"''^' [I, I'] v"] is an intertwiner operator. This 
is a simple consequence of the absolute convergence of the series and of the right invariance of 
the Haar measure. D 

The following proposition gives the link between intertwiners constructed using the Haar 
measure and the reduced elements. 

Proposition 11 There exists a real number Ai^^^z^zll^"'^^^ such that 



A' 


B' 


C 


XoX, 


Y^Yi 


ZqZi 


A 


B 


c 



^^(x„xo(v-on) 

(ZqZi) 



XqXi Y^Yi 


C 




-'^o-'^i YqYi 


C 


A B 


ZqZi 




A' B' 


ZqZi 



(70) 
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Proof: 

The operator S^'^^^^^'J^"^^' [^, /';!;"] being an intertwiner,the theorem 1 ensures the existence 
of a complex number X{l,l';v") such that: S'Xiir°''''[^' '>"] = X{l,l';v")^^''''^J-J^Y'^ . We 

(XqXi) (VoVi) (ZoZl) 

wiU denote 11 = 11 , 11' = 11 , 11" = 11 and we have the following sequence of equalities: 



X{l,l';v") <l"\<i>^j^:\v(g)v' > = 



UK 



-K'^.J'^I) 



= ^ < v"\Ii"{iiS-^{e'*))\l" XV® v'\Ii{eJ*) Ii'{e^*)\l ® I' > h^ 

UK 

= J2< ^"\^"if'S-\e/))\l" xv(g) v'\U{e-^) (g) n'(e^)|Z (g) I' > h{S~\eK)S-\ej)S-\ei)) = 

UK 

^Y. < «"|n"(5(e^)M)|r' xvg) v'\n{e-^) g) U'{e^)\l <g I' > h{eiejeK) = 

UK 

= \{v,v'-l") <v"\^^^',\l®l' > . 
As a result 

\{v, v'; I") = TW^n"' TfWWJv^v^, 
from which we get 

Y, < l"\^"{S{e')fi)\v" X l\U{e^)\v X r|n'(e^)|t-' > h{eiejeK) = 

= TW^n"' < ^" |$"n"' \v<E>v' > < v"\^^j^:\l (gU >. (71) 



UK 



Using the relation between the operator S'^«^i^'J''°''i' [I, I'; v"] and X'^^^i^*''''''^' [I, I'; v"] we obtain 
the announced result. D 

In order to make a precise connection, later on, between matrix elements of $[XoXi,loyi] 
and Askey- Wilson polynomials we need an explicit formula for M . 

Proposition 12 The normalization factor A^'^z^i^J^"^^' is a positive number and is given by 
the following expression: 



„2(Xo-Xt+Yo-Yt+Zo-Zt) (-^ _ „2W-|\2 



? 

Joe 



|^(2Ai + 1)^(2^1 + l)e(2Zi + l) 



|e(Ai+yi-Zi+i)e(Ai-ri+Zi+iK(ri+Zi-Ai +i)^iXi+Yi+Zi +2) 

where we have defined the function ^, by ^(z) = {z)oo{l — z)oc- 
Proof: 



(72) 



order to compute the normalization Ai''^"^^l''^"^''\ Let us first find the behaviour of 



We will identify certain asymptotics of the lefthandside and the righthandside of ([70|) in 

(ZoZl) 



fiT) = 



P+T 


P 


T 


AqAi 


Y^Yi 


ZqZ\ 


P+T 


P 


T 



when T -^ +00, P = Yq - >"i > 0. 



(73) 



20 



It can be seen from the properties (p^)(p^)(113), that the unique leading term in the explicit 
expression : 



fiT) - E I%i^Af//^+'(XoXi)AV(yoFi)AV+"(^i^o 



[d 



)x 



X 



KlMn 

K P+T 

P T+n 



P+T+l 
T 



K P 

P+T T+n 



M 
T 



P K 

P+T T+n 



M 
P+T+l 



is the term corresponding to I — n — Q. The behaviour when T 

by 



-oo of /(T) is therefore given 



/(r)^g2^(l-g2)^K] 



KM 



-P 

M 



K P 
-P 



-P 
P K 



M 



A 



K M 



(YoY,). 



The series in the right handside can be exactly computed using the formula (114) proved in the 
appendix. We finally obtain, for P = Yo — Yi > : 



P+T 


P 


T 


YqXi 


YoY, 


ZqZi 


P+T 


P 


T 



^T^+^q (1-9); 



2nViYoY{ 



(74) 



From the fact that the righthandside of the last expression is positive, and that the right handside 
of ( [70| ) is in this situation a modulus square we obtain that A4 (z^z^) is a positive number. 

Let us now compute the behaviour of the righthandside of ( |70| ) for T -^ +oo,P = my (this 
computation has been done for < my, but for my < a similar proof can be done). In the 
appendix, we have proved the following result: 



AToATi YqYi 

T+Yo-Yi Yo-Yi 



T 

ZqZi 



xiyi{2Xi + l)ui{2Za + l 



^ </'(2Xo ,P+T+Xo-Xi ) V(Zi+Xi^Yi ,Zi-Za^Xi-Xa+Ya-Yi ) 



</3(Zo+Zi,T) 

VooiYa + X^-ZQ + l)vUYo+XQ + ZQ + 2)vUYa-XQ-Zo)v^{Yo + Za-Xa + l) 

qi''o+hXo-hzl+hZo^l)^y^(2Y^ + l)u^{2Yo + l) 
v^{Y^+X^-Z^ + \)v^{Y^+X^ + Z^ + 2)v^{Y^-X^-Z^)v^{Y^ + Z^-X^ + \) 

3 1^2 1 v, 1 " 

q 1^1 2"^i 2 



(75) 

2^il/oo(2Xo + l)l/oo(-2Xo)i/oo(^0 + ^l + l)z^oo(-^O-^l) 

From (|70|), and after elementary algebraic relations on q- factorials, we finally get the announced 
expression for M'Xz^T'"'''- ^ 

The formula ( [7^ is an identity where the left hansdside is a complicated series, and the right 
handside is the infinite product (Al), multiplied by square roots of rational fractions. Let us 
give an example of this formula in its simplest case, which is achieved when A — A! = B = B' = 
C = C = 0. We necessarily have mx = my = niz = 0, i.e Xq = Xi.Yq ~Yi,Zo = Zi. In this 
case we can compute A^'^z^i^'J^"^^' directly. Indeed: 












XqXi 


YoYi 


ZqZi 












= Y,[dB?^nx^X,)K^^{Y^Y,)Kl^{Z^Z,). 



(76) 



Using the identity A^^(XoXo) = 'faxo+ijlll+i? ' ^^^ formula (Exercice 12 of H) 

■^-^ ^sin{2nz) _ 6'^{z,t) 



42.9 1 

n=l 



(^,r) 



(77) 
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where q = e ^ — e*'^'^, and the Jacobi's fundamental formulae ([E2| 21.22 



4 

2e4x')e4{y')04{z')e4{w') = ^(-l)*-^0,(x)0,(y)f?,(z)0,H (78) 

J=l 

where 2w' = —w + x + y + z (and circular permutation to define x',y',z'), we obtain that the 
series (|7q ) is equal to: 

(l^g^)g-3/4(l)g^gi(2A^)gi(2A^)gi(2A,)(sm(2A,)sm(2A^)sm(2A,))-^ ^ 

804(Aa; + Ay + A2)04(— Aj, + Aj^ + A^)04(A2, — A^ + A2)04(Aj. + Ay — A^,) 

where we have chosen 2Xq + 1 = i^,2Yo + 1 = i^,2ZQ + 1 = i^, and 6'^, (j = 1, ..4) 
are the usual Theta functions, as defined in [g2|. Note that this expression is exactly the 
coefficient A^'^z^z^)^"^"' , once we have expressed the Theta functions in term of infinite products. 
However such a simple derivation of A^'^zj^^i)^"^^' ? does not generalize so easily to the case where 
mx, rny, rnz are non zero. 
Formula (|79[) is the quantum deformation of a formula first found in |12| . 



Remark: We will need in the next section the following identity, which can be easily proved 
using (H). M'1°^^ll''"^'\ can also be written as: 

»^ (XoXi) (1-05-1) _ , q l-L^ocl-L 1 ) 

-'^' (ZqZi) — Vl ^ 



" " iyi{2Xa + l)i^i{-2Xi-l)i^i{2Yo + l)i'ii-2Yi-iyii2ZQ + l)i^i{-2Zi-l) 

e(2Xi + l,2Yi + l,2Zi + l) 



'^{Yi+Xi-Zi + l,Xi + Zi-Yi + l,Yi + Zi~Xi + l,Xi + Yi + Zi + 2) 



(80) 



where we have denoted ^(ai, • • • , a„) = rifc=i ^i'^k) and where ipi is the fourth root of unit given 
by: 

^(2Yi.2Yt-2Yo-l) X (cycl. perm, on X,Y,Z)) 

Wl — ^ ' 7 ^ 

V{Yi+Xi-Zi+l,Yi-Ya^Xi-Xa-Za^Zi) X (cycl. perm, on X,Y,Z) X (p{Yi+Xi+Zi+2,Yi-Ya^Xi-Xa+Zi-Zo) 

5 Decomposition Theorem of the Tensor Product of Prin- 
cipal Representations and Askey-Wilson Polynomials 

5.1 Decomposition Theorem of the Tensor Product of Principal Rep- 
resentations 

Let us now prove that, chosing Ar''^"^^^'^ <"'«"'i> =. (A^'^C^iT"'''')^^^ > 0, $[XoXi, ro>"i] is an 
isometry. 

Theorem 3 ^XqXi.YqYi] : V{XoXi)®V{YoYi) -^ J® d{ZoZi)H{ZoZi) is an isometry. This 
is a direct consequence of the following identity: 



yceh+,Jdr{z„z,) 



A' 


B' 


C 


XoXi 


YoYi 


ZqZi 


A 


B 


c 



- ^A,A'5B,B'Yi^A,^^-X,)\B,Yo-Y,y (^1) 
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Proof: 

V{XoXi) (g) V{YoYi) is a il<;(sM(2)) module, let us denote by {V{XoXj_) (g) F(roYi))[ci its 
isotypic component of spin C. From the definition of ^[XqXi,YoYi] and the choice N = 
(^1'TC^l^'''^'')^''^ it is simple to show that the restriction of ^XoX^YoYi] to (V"(XoXi) (g) 
V'(FqYi))['-^1 is an isometry if and only if (p^ is satisfied for this C. We already proved that 

is a piecewise continuous function of pz, as a result it is integrable, 

and using formula (p5) and the uniform convergence properties of this series, we can invert the 
integral and the sum: 

lefthandside of (81) = 



A' 


B' 


C 


XqXi 


YoYi 


ZqZi 


A 


B 


c 



KLMN 



MatIMa'J .KL IV V \I,KM 



[dc? 



A5,^(XoXi)Ag/^(ron) / dV{Z^Z^)K^r^{Z,Z^) X 



K A 

B N 



A' B' 

K N 



C 

M 



B K 

A' N 



M 
L 



Using the Plancherel formula 



we obtain that this series is equal to: 



= 6A,A'SB,B'ATAiXaXi)A^ifBiYoYi) 
= righthandside of (81). 



A 
B C 



A B 
C 



B 
A C 



D 



$[XoXi, yo^i] being an isometry from V {XoXi)®V {Y^Yi) to the Hilbert space /® d{ZQZi)H{ZQZi), 
there exists a unique isometry <i>^[XoXi, Yo^i] from the tensor product of Hilbert space H{XqXi)® 
H{YoYi) to J® d{ZQZi)H{ZQZi) which restriction to V{XoXi)g)V{YoYi) gives back $[^0X1, yoyil- 
Theorem 4 <P*[XoXi,YoYi] : H{XqXi) (E) H{YoYi) -> J® d{ZoZi)H{ZoZi) is an mvertible 
isometry of Hilbert space. 

Proof: 

It is trivial that <i>^[XoXi, Yo^i] is an isometry, as a result it is injective. We therefore 
have only to show that <i>^[XoXi, Yo^i] is surjective. The proof goes along the same lines 
as the proof of the surjectivity of the Fourier transform in ||l|. It is sufhcient to show that 
E = <^*[XoXi,YqYi]{V{XoXi) g)V{YoYi)) is dense in J® diZoZi)H{ZoZi), which is equivalent 
to show that E^ ^ {0}. Let / e J® d{ZaZi)H{ZoZi), and assume that < f,^XoXi,YoYi]{e, 
{XoXi)(E) Cj {YqYi)) >= 0,yA, B,i,j. This in particular implies that 



< f,<i>[XoXi,YoYi]iA{a){'h (^o^i)® ij (^o^))) >= 



(82) 



for any element a in the center of ilq(s^(2, C))r. As a result, by taking a = fJ^il^ and using 
)erty that <^^''°^zoz^)^^^ is an intertwiner, we get the identity: Vp, r e N,VA,B,C e 
= -C,..,C 

d(ZoZi) < /I gfe (ZoZi) > iu+{ZoZi)Pu;^{ZoZiygiXoXi,Yo,Yi,Zo,Zi) = 0, (83) 



iZ+,Vfc 
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where 5(^0^1 ,^0,^,^0,^1) = 



XoXi YaYi 
A B 



C 
ZqZi 



-^'^z^z, i^'"^^'- I5P being a continuous 



function in p^, < /| efe> g is an L^ function in the variable pz- We can now apply the argument 
of the proof of Plancherel Formula in 0|and conclude that the set of equations ( |83|) for all p, r 
implies that </| ek> g = Q ss, & L? function. From theorem 1, we can always find for every 
C, a couple A^ B such that g ^ Q. From the explicit form of g we know that the zeroes of g 
considered as a pz function are finite, we obtain that < /| ek>— 0, which implies / = 0. D 

5.2 R-matrix in the Tensor Product of Infinite dimensional Represen- 
tations 

In this section we will compute the i?-matrix in the tensor product of two irreducible infinite 

(XqA-i) (Von) 

dimensional representations (11 (g) 11 ). We will in particular show that the expression of 

(XqXi) (Von) A 

( n ® n ) (7?.) is an operator which domain contains all the vectors of the form Cm (XqXi)® 
en{YQYi), and more precisely we have the following proposition: 

(XqXi) (VoVi) 

Proposition 13 The expression of the R matrix o/iXq(sZ(2, C)k) represented on V 1^ V 
is given by the following action: 



(^0^1) (YqYi) g fj — ^g F I V i 

( n ® n )(7^)(e„0e„) = 2^eJ(8)ep (^ ^ 

DF ^ 



f u 



11\kTc{X,.X,). (84) 



In particular this expression is a finite sum although the universal formula for TZ is an infinite 
sum. 

Proof: 



The element L are multipliers of itg(s^(2, C)r) and we have the trivial relation L^*^* = 



AB B A 



A, 



J2b Rfi^i- The R matrix of i[g(s;(2, C)b) is written as: 7^ = ^^ X} (^ 1 (^ 1 (^ g^. From 
the expression of a representation II of ilg(sZ(2,C)R), associated to {Xq.Xi) a straightforward 
computation of the representation of the R-matrix gives the formula of the statement. D 

Remark. This situation is in sharp contrast with the case of S'J7g(l,l) for q real. The 
structure of Hopf algebra on ilg(su(l,l)) is the same as ilg(su(2)), the only difference is in 
the definition of the star structure: J* = Jz,J+ — —J-,J1 = —J+- It is easy to classify the 
irreducible unitary representations, the principal unitary representation of il(sw(l, 1)) being now 
easily quantized as follows: 

Jz-Bm^ rncm J+.e,„ = [to - T + e]em+i J-.e™ = -[rn + t + e]em+i 

where as usual e e {0, ^}, t = ii^—^, i^ £ R, and e™ is an orthonormal basis of the representation. 
The universal i? matrix is still formally defined by i? = g^'^'^®'^^e_i* + ""^ . It is easy 

to see that (7r(g)7r')(i?)(em<8'e^) has no meaning in the P sense except in the trivial case where q = 
1. Indeed a straightforward computation shows that a formal expansion of (tt (8) 7r')(i?)(em 'S) e'^) 
gives {7T(g,TT')iR)ie„,(g>e'J = ^+~ ap{e^+p(g,e'„_p) with Op ~ {q-q-^hq-^P'+^'P+f^ for < g < 1 
with 7 7^ 0. 
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5.3 Connection with Askey- Wilson Polynomials. 



XqXi YqYi 
A B 



in terms 



C 
ZqZi 
8l|) is an orthog- 



In the sequel, we will show that we can reexpress A^'^z^z^)^"^^' 

of q-Racah polynomials and Askey- Wilson polynomials, and that the relation 

onality property mixing q-Racah polynomials and Askey- Wilson polynomials in a non trivial 

way. 

Lemma 3 The following three identities are satisfied: 

'XiXo YiYo 



1) 
2) 
3) 



XoXi YoYi 
A B 


C 
ZqZi 


= ^2 


-'^i-'^o YiYq 
A B 


C 
ZiZa 


= ^-3 


-'^i-'^o YiYq 


c 


-i7\ 


A B 


Z\Zq 





A B 

X\Xf^ Y]Yq 
A B 



c 

ZiZq 



C 
Z\Zq 

T Zi 
Yi^ Xf^ 

B Fi 



Zo\ \C B 



X2 I Xi Xq 

(3) 



A 

X2 



(1) 



1/4 1/2 



1/4,1/4,1/4,1/4 



1 J, 3)?;^ V(^ w_^„ Wxi 



(85) 



Z\ X2 
where V'2 = gi-^iB+C+mx+A) ^ ^^^ ^^ j^ ^^^^^ ^^^^ 

V'lV'2V'3 = e"''"''+'"''"'"''V(2Xi + l.-l)</'(2Yi + l.-l)'/?(2Zi + l -1) 

Proof: 

The identity 1) follows from a very simple computation. The identity 2) follows from the 
use of propositions (||) and (^. Identity 3) is a direct consequence of a Racah and a pentagonal 
equation on 6j(3) symbols. D 

Using these identities theorem (^ can be reformulated as follows 

Proposition 14 



A(7 7 ^r'^o^iXi'on) J ^ ^1 
c((ZoZi)i (ZqZi) \ Y^ ^^ 



.^B.cY, 



(1) 



Y, 



^0 

X2 

(1) 



A Zi 
^0 ^0 



^0 
^3 



Zi X2 



Xi 



C Yi 

Z\ X3 



y^ 

Xi 



X^.X^OB.C^ (A,Xo-X2)^ (B.Xi-Xi)^ (BXa^Yi) 



.Y 



(1) 



(86) 



with 






l)('»'0i'l) _ 



, _ g2Zo-2Zi+2yo-2n (1)2^(1 _^2)[^^ 



(ZqZi) 



(2Xi-Hl)i(2yo + l)i(2Zo-Hl)i 

^(2Xi-hl,2Yi + l,2Zi + l) 



■e(>"i+^i-^i + l, ^1 + ^1-^1 + 1,^1 + ^1-^1 + 1, ^1 + ^1 + ^1 + 2) 



(87) 



Proof: 



Straightforward using a Racah- Wigner symmetry on 6j(3) and an orthogonality relation on 
6j(l) symbols. D 



Theorem 5 Using the notations (lOi) we have 



^w^)^^%:^s 



{yqy^) ) B Yi 
Z\ Xi 



^1 



= \/fi, 



/ w(-4^)(z;a,b,c,d) (^^y) 



/i„ ^(a, 6, c, d) 



pr'^Hr(^);a,fo,c,d)(88) 



mt/l 71 = B + Fo -yi,a = q2Xi+2Yi+3^ 5 ^ ^2^-2X1 + 1^ ^ ^ ^2X.-21o + l^ ^ = ^-2Yo-2X.-1^2z = 

2Zi + 1. 
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Proof: 

Using two Sears transformations we can turn the parameters of the hypergeometric functions 
of the left handside into those of the right handside. Checking now the identity (|88| ) is therefore 
reduced to straightforward but tedious manipulations on u^o functions. D 



Note that the relation ( Pq) when A = Q reduces to the identity: 



ldpzvio,pz)T\^:^: 



(XoXi) (YoYi) j B Yi 



Yo] (C Y, 

Xl I \ Zq Xq 



Yo 



= Sb,c (89) 



(3) 



which is exactly, using (^8|), the orthogonality condition on Askey- Wilson polynomials for the 
family of parameters n = B + Yo -Yi,a = ^2X1+2^1+3 5 ^ ^2yi-2Xi+i^^ ^ ^2Xo-2Yo+i^^ ^ 

Although one would suspect that the relation (^6|) can be proved for any A by disentangling 
the sum over mz and the integration over pz, we have not been able to prove it in this way. 

6 Conclusion 

In this work we have given exact formulae for the Clebsch-Gordan coefficients of the tensor 
product of two principal unitary representations of the quantum Lorentz Group. We have 
found explicit expressions of the intertwiners in terms of q-Racah polynomials and Askey- Wilson 
polynomials. A consequence of this relation is the proof of the proposition (|l3) which contains in 
its simplest case the proof of orthogonality of Askey- Wilson polynomials. One should generalize 
our work to obtain explicit expressions for intertwiners of two representations in the set of 
principal and complementary series. This should as well gives non trivial relations on orthogonal 
polynomials. 

A very interesting question is the generalization to other quantization of complex semi- 
simple Lie algebras. In the classical case the structure of the tensor product of two principal 
representations is known |11| a nd there also exists polynomials in several variables generalizing 
Askey- Wilson polynomials ||23| . 

Results |£| which are nevertheless at hand are the construction of 6j(6) in terms of non ter- 
minating basic hypergeometric functions, the study of their properties and their understanding 
as matrix elements of fusion matrices. Using these 6j'(6), we will directly obtain expressions for 
the 6j of the principal representations of the quantum Lorentz group as well as very interesting 
pentagonal equations satisfied by them. 

7 Appendix 

7.1 Formulae on Basic Hypergeometric Functions. 

In the sequel we shall frequently use the following notations: 

VxeCVfceN, 

N-^— ^, d., = 2x+l, [x]k^f[[x + n-l], [k]l = [l]k, vl/* = e'^^q-^^^^+'K 

^ ^ n=l 

In this article, the square root of a complex number is defined by: 

VxeC.V^^ yHe^'^^.where a;= |a;|e*'^''s(^), Ar5(x) e] - 7r,7r], (90) 
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and for all complex number z with non zero imaginary part, we define e(z) = sign {Im{z)). 
We will define the following basic functions: ya,f3,"/ G C,Vn G Z, 



+00 



(a)oo = (g'",g')oo = n(i 



q 



2a+2k\ 



k=0 



+00 



,(a) - H Vl - 92"+2fe 



(a)« = 





(a)oo 


(Q: + n)oo' 




i^oo(a) 



fc=0 



i^oc (a + n) ' 



w(a;/3,7) == 



z^oc(a + /3 + 7 + 2)i^oc(a + /3 - 7 + l)t^oc(a - /3 + 7 + 1) 



t^oc(-a + /3 + 7+l) 
The q-factorials satisfy the following relations: Va G C,Vn G Z, 

(a)_„(l - a)„ = (_i)«g-2«"+"(«+i) (inversion relation), 



lim {a)n = 1, 

Q — > + OC 



(91) 
(92) 



In order to control the signs of the expressions in our article, we are led to introduce the 
following functions ip : C x -^TL -^ C, defined by: 



I'ooia + l)i^oo(-a) 2 

This function ip satisfies the two following relations: 



¥'(Q,«)</'(a-n,p) = 'fi(a,n+p),ya G C,\/n,p G -Z 
2 

^pHl^ (-l)"-P,VaGC,Vn,iJG iz,(n-p)GZ, 



(93) 

(94) 
(95) 



The last equation implies in particular that (^? ^^ = (— 1)", Va G C, Vn G Z. Note that when 
is half an odd integer, (p(a.n) is not a fourth root of unity. 

With our choice of square root, we have the more precise results: 



V3(a,„) =e-*^"<^(«"\VnGZ,VaG 



\'P(-i+ip.n)\ — e 



i7r(p+l/2+e(q"')) 2 



'Pitp.^^p)^^^?'^ -+Z ,VpG 



(96) 
(97) 



We will also make an extensive use of the following basic hypergeometric functions, associated 
to complex numbers ao, • • • , a„, /3i, • • • , /?„ and defined by: 



yz G c, „+!$„ 



ao ai • • • a,i 
Pi ■■■ Pn 



-00 T-fTl 



nLo(«»)fc 

Li(A)* 






^2fcZ 



+00 



(i-g2"o+4.) nr=o("0/c 



2*;Z 



^ ^^ (i-g2«o) (i)fenr=i(i+"o-<:..).^ 

In an expression involving „+i$„ or n+iWm if -Z^ is not specified it will mean that Z — 1. 



27 



Let us recall some properties of basic hypergeometric functions which are proved for example 



#1 



#3 



ao ai, 

/3i -jPi-ao-ai 



-n ai a2 as 

Pi 132 133 



4*3 



_ (/?i-ao)oo(/3i-ai)oo 
(/3i)oo(/?i-ao-ai)oo ' 
-n ai (3i — a2 /3i — aa 

Pi 1— ?i + q;i — /32 l — n+ai — Ps 



eW^iao ; ai,a2,-n; l+n + ao-ai-a2) 



q^n»i{p2-ai)n'ip3-a,)n\p2)nmn 

(1 + ao)oo(l + ao-ai~a2)c 



(98) 

(99) 
(100) 



(l + ao-ai)oo(l + Q;o-a2)oo 
Relation (^8|) is called Heine formula, relation (^9|) is the Sears Identity. 

Let us now recall the definitions of q—Kacah polynomials p„ , of the g— Racah discrete 
measure w'--'^^ and of the square of the norm of these polynomials p9[pO|: 

VX e C, Va, P,"f,Se C, tl{x) = g-2^ + g2.+2+27+25^ 



—71 n+l + a + P —X 7+(5+a:; + l 
a+1 P+5+l 7+1 

Wr..„2« „2/5 2, 2.^ (7+5 + l,«+l,/3+5+l,7+l).(l-g^(2^+^+^'+i)) 



w(^Hx;q''^,q'^q'\q'') = 



g2=>=("+/5+i)(l,^+^+ 1 _Q,^^_/3+i, ^+1)^(1 _ q2{'r+s+i)y 

,iB.)(2. 2/3 2, 2.^ ^ g^"^"+^+^Hl-g^<"+^+^^)(l./?+l,«-^ + l,C^ + /3-7 + l)n ^ 

" ^^ '^ '^ '^ ^ {l-q^(^^+'-+^'+^^){a+p+l,a + l,p+S + l,-f+l)n 

,, (7+(5+2,7-a-/3,(5-a,-/3)oo 
(7+5-a + l, 7-/3+1, 5+l,^-/3-l)oo' ^ ^ 

The definition of Askey- Wilson polynomials pn , of the Askey- Wilson measure w^"^^^ and of 
the square of the norm of these polynomials is [£1| : 

Vz e C,Va,/3,7,^ e C,t(z) = ^{q^^- + q-^^-) 



pi'''^\r{zy,q^",q'P,q'\q^') 
q-2na[a+P,a+-/,a + 5)n 

w^^^\z;q^-,q'^q'\q^') = 



= 4*3 



-n n + a+/3+7+5— 1 a+z a — z 
a+/3 a+7 a + (5 



(a + z, a — z,/3+z, /?— z,7+z,7— z, (5+z, (5— z)oo' 



(102) 



^(AW)/ 2q 2/3 27 2^N ^ (a+/3+?i)ooH"- + l)oo^(Q^+/3+7 + '^+2»)oo(a + /?+7 + ^+"-l-)« 
'^ '^ '^ (a + 7+n,a+(5 + n,/3+7+n,/3+5+n,7+(5+n)oc, 



7.2 Asymptotics of Intertwiners 



Our aim is to compute the behaviour of 



A'oATi YqYi 
P+T P 



T 



(see (^3|) for the explicit expres- 



sion) for P = Yq — Y\ > 0, T — » +CX). The sum on X2 being finite, we can work term by term. 



The asymptotics of 



T P 

Xi ATq 



P + T 
X2 



is very easy to obtain because, after a Racah-Wigner 



symetry (p4), the hypergeometric part of the result tends to one when T is large. The behaviour 
is therefore given by: 



T P 

Xi X{) 



P + Tl ipi^Xo+X2-T.P+X2-Xi)M'2X2 + l)ujiP;Xi,X2) 
X2 l^ qi(P-^^^-^^-^)(P+^^-^^)u^{2P + l),,^{l) 
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The behaviour of 



T Zi 



X2 



requires more attention, but can be achieved using the 



^0 ^0 
following computation. 

By using first the Sears identity (|99|), and then taking the limit when T goes to infinity, we 
easily conclude using Heine summation formula (feq): 



(Zi+yo-^0-r+l)oo4$3 



Z^-Zo-T Zi + Zo-T+1 X2-X0-T -X2-XQ-T-I 

~2 T -Xo - Vo -T +Zi Zi + Yo - X^-T + 1 



{Zq+Yq-Xq + 1,Yo-Xo-Zo,2Zi + 2), 



(2r+l)„o4*3 



Z^^Zq-T Zi+Zo-T + l Z1-X2-Y0 X2 + Z1-Y0 + I 

2Zi+2 -Xo-Yq-T +Zi Zi + X„ - Yij-T + 1 



iT+Yo-Zi-Xo,T+Zi + Zo + 2,Zi + T-ZQ + l 
Z1-X2-Y0 X2 + Z1-YQ + I 

2Zi + 2 ; 2^0 + 1 

(Zi+ro+X2+2,Zi+yo-^2+i)oo 



2$1 



^^^°° (2yo + l,2Zi + 2)c 

This gives us the following behaviour 



T Zi 

Yq Xq 



Zo 

Xo 



t(t+Xo-X2) -2TYo ^iXo+X2-T.-T}V{Zo+Zi-T~T)^iYo;X2,Zi)uj(Yo;Xo,Zo) 



q{Zi-Zo)(Xo + Z„-Y„) + (X2-Xo){Zi+Xo-Yo + l)(^l^2Yo + l)c 



The expression of 



i^i{2X2 + l)M'^Zo + l){Yo-Xo-Zo,Xo + Zo-Yo + l)oo 

i^oc (--'^0 --'^2)^^00 (^0 + ^2 + 1)1^00 i~Zo - Zi)Voo (Zq + Zi + 1) 

P Yi 



(103) 



Zi X2 



Yo 

Xi 



being drastically simplified for P = Yo — Yi, there is no 



problem anymore to obtain the behaviour of the whole expression, except that in order to have 
a simple answer, we have to take the sum over X2- Precisely, denoting a = 2Xi+21i— 2yo+l: "^ = 
2Yo—2Yi, k =Yo—Yi+X2—Xi we already have obtained the following behaviour when T -^ +00 



T+Yo-Yj Yo-Yi 



T 

ZoZ\ 



q-T{Yo+Yi) g^^(i<I^)^-ZoZlx 



xV[dy„_yJl/l(2Xi + l)z/i(2Zo + l) 



■1^(2X0 , P+T+Xo-Xi ) '/g ( Zi+Xi-Yi , Zi-Zo+Xi-Xo+Yo-ri ) 
V{Zo+Zi,T} 

,yoo{Yo+Xo-Zo + l)i^oo{Yo + Xo + Zo + 2)i^oo{Yo~Xo-Zo)i^oo{Yo + Zo-Xo + l) 
^lxi+^Xo-izS+kZo^l^^^^^2Yi + l)i,oo{2Yo + l) 

v^{Y^+Xi-Zi + l)vo^{Yi+Xi + Z^ + 2)v^{Y^^Xi-Zi)v^{Yi+Zi-Xi + l) 
'\^l--2Zij,^{2Xo + l)u^{-2Xo)iyoo{Zo + Zi + l)u^{-Zo-Zi) 



3 V2 1 V 



A (104) 



where 



1 V a 

l+a)„ Z^fc (1 



(1+a) 



(1-9= 



^)(a)fc(-"')fc 2k^ +2k{m+a) 



(l-q"°)(l)fc(a+m+l),' 



Using the formula (100) and taking in it the limit where ai, a2 -^ —00, we obtain that A = 1. 



This gives the behaviour of 



XoXi YoYi 
T+Yo-Yi Yo-Yi 



T 

ZoZ\ 



when T goes to infinity. 



7.3 Formulae on coefficients A^£(XoXi) 

Let us recall some properties of the coefficients X^j^[XoX\) which were proved in iQ. We will 
say that the coefficients A^^ are off-diagonal \i A^ D and diagonal \i A = D (in the latter case 
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we will use the notation A^*-^ = ^aa)- ^^^ coefficients A^'^ are said to be on the boundary 
if B + C = A, A + B = C, or A + C = B. The coefficients Afg(XoXi) are proportional to 

w so they vanish according to these selection rules. The 



Y, 



(0) 



^y; 



(0) 



^y; 



(1) 



Y, 



(1) 



(A,S,C)'' (£>,S,C)^ (A,Xo-Xi)-' (D,Xo-Xi) 



(XqXi) 



following relation holds true (it is in fact equivalent to the property that 11 is a representation 
ofilg(an(2))): 






KU 



e-(c+^)([dc][dD])^ 



s u 



c 

K 



A B 
H U 



(105) 



As a result, by taking F = H in this expression, the off-diagonal coefhcients are obtained, 
up to a sign, from the diagonal coefficients. 

These diagonal coefficients can be computed in various ways. They satisfy the following 
system of linear equations: 

V(A, B, C) e iz+ X iz+ X iz+* / B+A-C, B + C- A, A+C-B e N* 
[A+B+C+1] ^^B c ^ [A+C-B+\] ^^B_^ c„ [C+B-A-l] ^^B_^ c-i , \B+A-C+\\ ^s c-i ^ 



[2A+1] 



[2^+1] 



[2A+1] 



[2.4+1] 



[A+B-C-l] ,B-i c , [A+C-B-1] .B c-i, [A+B+C-1] .s^ic-i [C+B-A+1] ^^c 



[2A-1] 



'-A 



A-l 



[2A - 1] 



^A 



A-l 



[2A - 1] 



A^ 



A-l 



[2A-1] 



-A^Jr, (106) 



as well as VA, B,C e 5Z+/ Y, 



(0) 
{A,B,C) 



= 1, 



[B+C-A+l][A+B+C'+2]q^^'^'-^'^A^^^ ^+^ - [A+C-B][A+B-C+l]q'^'''^+^+^^A^^^ ^ ^ 



iA-W+B+l][B^-A]q^^'^-^^A 



S-i c- 



[A+B-C] [A+C-B+l]g±(<^+-^+i) A 



B-i C4 



t^±[2C+l][2B+l]A^'^ 



A I 



(107) 



— ^S^o + l I ^ — 2X0 — 1 



„z^l 



2X, +1 I „-2X, -1 



q 



where we have denoted cj_|_ = q'-^^" ' "+q "'" ", lj_ = q 

These two linear systems have a unique normalized solution. The value of the diagonal 
coefficients on the boundary have the following simple expression: 

B ^-2k{Xo+Xi + l) ^B+C+Xo-Xi^^ (B+C~Xo+Xi^ 



A 



B C 
B+C 



k=-B 

A^^+^{XoX,)=J2 

k=-E 
_ ^^0 A A+B B 



B+k 



B-k 



„-2fe(Xo+Xi + l) (A+Xo-Xi+B-k\ /A-Xo+Xi+B+k\ 
y V B-k Jay B+k ), 



(108) 



2A+2B + 1\ 
25 J 



'-A' 



VXi 



A 



{XiXa) 



(109) 



Different explicit formulae for the coefficients A^£ can be obtained, the fundamental one 
is expressed in terms of 6j(l) (|53|). This last expression can be simplified, using the universal 
shifted cocycle associated to 6j(l), and we get: 



A^^(Xo,Xi) - 2^ —-^^^^^^^^-^-—- y^ 



CTio-a "D 



C B 

0-2 CTl 



-2i<Jipx ( ^1 '^2 

B C 



D 

nix 



(110) 



where M'^^^q^^^^ ^ a) are normalization factors, given in [Q, which values will not be useful in 
our paper. This last expression is simpler than ( p3|) in many aspects: it is a sum of a product 
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of basic hypergeometric of 3-2 type rather than 4-3 type, and moreover it exphcitely shows that 
A^ are Laurent polynomials in q 



«Px 



Remark: From the system of constraints satisfied by the coefficients A^£, it is easy to show 
that (A^£)^ is a Laurent polynomials in both variables q'^^"'^^ , q^^^^-^ . 

The constraint systems described before, as well as explicit expressions, allow us to derive 
most of the asymptotic properties of these coefficients when some of the variables are large. 



Proposition 15 The coefficients A^£ satisfy the following inequality 



\fA,De ^Z+,\fRe ^I.,\/me ^1,30,8 > 0,Vp e R,VB > 6, |Af ^+^(m,p)| <CBq 



2B 
(111) 



Proof: 

The proof is divided in two steps. We first show this inequality when A = Z?, by a direct 
computation. Then we use the system (105) and an induction argument to show this inequality 
when A y^ D. We can always assume that R> 0, because the other case is deduced from this one 



and the identity ( |10' 
where u{j, k; B] 



Using the relation ( |110| ), we have |A" + (m, p)\ < ^ . u{j, m- j;B 



m 
A 



B + R B 

j k 



A 



B + R B 

-j -k 



Using the formula (4) of (llj], section 14.3.5), we easily obtain that: 
\uiJ,m-j;B)\ [2A]\[2A+l]\[A+B-j]l[B + A+j]\[2B+R-A]lF{j,m-j;B)F{-j,j^m;B) 



j{A-R){2B+R+A+l) 



[A+R]l[A-R]l[A+m]\[A-m]l[B+m-j]l[B-m+j]l[2B+R+A+l]l 



where F{j, m—j; B) = :f^2 



. Using the fact that -2B-A-R < 



'm-A -2B-R-A-1 R-A 
-B-A+j -2A 

-B-A+j < R-A, we can choose Ci such that Vj,VB, \F{j,m~ j;B)\ < Ciq-2Bn(m) ^^lere 
n{m) ~ inf{A — m, A — R). As a result, there exists a constant Ci such that 



Vj, B, u{j, m - j; B) < C^g2B(A-i?-n(m)-n(-m))-|B+j|(A+m)-|S-i|(A-m)-2B(2A+l)_ 

From this, and the various inequalities between B, j,m, R, it is easy to show that we can find 
C2 such that 



|Af ^+^(m, p)\ < C2{2B + 2R+ l)q^^ . 



(112) 



We can now prove this bound for the non diagonal case using an induction argument on |A — Uj 
Indeed from (105), 



lAfSfA 



Am-l ^'-D+lD 



^^i<v- (MdMg+i])^|A^gl | 



KU 



(Ms+filMn+i])- 



i B + R 

AD + \ 



U 
D + \ 



A B 

i U 



B + R 
K 



D U 



K 



Note that, due to the Y functions, the previous sums contain at most four terms: U = B + R± 
^,K — B±^. From the asymptotics property (112) when B goes to -|-oo, and the induction hy- 

BB+R(^^ ^\i,hD + h 
n 

, there exists C4 > 



pothesis, we obtain that there exists a constant C3, with \/B,\/p, |A^^^^ (m, /o)A|j_,_-^^ (to, p)\ < 
C^Bq^ . From the explicit formulae of the coefficients A|)^j^^(m, p), in 

-D+i- ~ 

such that Vp G M, VS, |A|,^-^^ {m, p), \ > C4, as a result we get that the induction hypothesis is 
also true ior A, D + 1. D 

We will also need the following asymptotics: 
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Proposition 16 The coefficients A^ own the following asymptotic behaviour: 
A\^+^ ^K^+oo 9^^'^' C yI^I]j^^ with ( C = 1 when B.^0). 



(113) 



Proof: 



We use the formula ( |110| ) to express Aj^^^ . The asymptotic when K is large is easily 
obtained using the formula (1) of (|17J section 14.3.5). The details are left to the reader and we 
easily obtain the statement of the proposition. D 

In the section 5 we will need the following identity on the following series of weighted diagonal 
coefficients: 

Proposition 17 If P > the following series is absolutely and uniformly convergent in px and 
we have: 



Y.^dK] 



f a- P 



KM 

When P ^ we still have 



K P \ f -P a 
a -P [p K 



a-P)^P (XoXi)- 2nV{X,X,) '^^^^^ 



[dK]Ko ^^^^^)=2^v{x,x,y 



(115) 



Proof: 



When P = 0, we see from (IIC) that A^^(XoXi) is non zero only when mx — 0. The 
series ^j([dK]^o^ {XqXi) is in this case very simple to compute because K^'^{XoXi) = 

ny° lunr^ 11 i ^ud we obtaln the announced statement. Note that in this case the series 
is not uniformly convergent and is even divergent a,t pz = 0. When P > we will first show that 
the series is absolutely and uniformly convergent. Using the analogue of the Van-Der-Waerden 
formula for 3j |1^, as well as relation (|l^) we can choose Ci such that: 



a-P 
K + R 



K P \ f-P a 
a -p]\P K 



K + R\ ^ [dK+R][2P]l[2K+R-P]l[K+R+P-a]l[K+a]l 
(7-P J^ ' [P-R] ! [R+P] ! [2K+R+P+1] ! [K+R-P+cr] ! [K-a] ! ' 



Using Ap ^ {XqXi) < C2 Kq^^ , we obtain that the series is absolutely and uniformly con- 
vergent. Using (P^([59|)(|^)(pl0|) we have 



/ 



\KM 



dViXoXi) [Y.[dK] 
^J2^dK] 



a-P 

M 



KM 



KM 



K 



a-P 


1 


M 





f a-P 


\ M 


K C 


U 


A M 


P 



K P 
a -P 



K P 
a -P 



K P 
a -P 

-P a 
P K 

-P a 
P K 



-P a 
P K 



M 
a-P 



AC I 



Kr'{X^X,)\Kf'{X^X, 



M 
a-P 

M 
a-P 



P A 
K U 



C\ (A K 
j] \P U 
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j dV{X^X^)Kf^\X^X,)KJP{X^X,) = 

^ ([2t/+l][2P+l])^ ^^ 

^ ([2C+l][2M + l])5e»'^(c^+*^--P-^) 

. f dViXoXi)Ai^iXoXi) = 



32 



= Y.idK] 
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EM 

M 
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K P \ f -P a 
a -P I [ P K 



M 
a- P 
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M A 



= E[^ 
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Then we use the relation 

EM 
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A C 

*^J ^ A M 



A M \ I A C 
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[dp] (AC 



[dA] I A M 



p] ^rjpq^-^AriP.p). 



M 



A C 

*^J ^ A M 



^ \ Ai^HXoX,) = e-2-^[dp] Ai^{X,Xo). 



which has been proved in M and which is the key point to prove unitarity of the representation 
and the relation 



dp q2-PA^^(-P, P)^ldp q-^'^'^AJfiP, p) (116) 

which is proved using twice (|110|),([7|) and (p9). Combining these two steps, we obtain 



fdViXoX,) (Y^^dK 
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Aj^"(XoXi) A^^(XoXi) 



dV{XnXi 



he [ap\q ^ "^ 'Oxq-Xi,p 



2'kV{XoXi) 
Finally using Lemma 1 we conclude this proof. D 



A^^(XoXi) 
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